INTERNATIONAL JOURNAL OF

OLIDS and
STRUCTURES

www.elsevier.com/locate/ijsolstr

PERGAMON International Journal of Solids and Structures 37 (2000) 5219-5231

Electroelastic fracture dynamics for multilayered
piezoelectric materials under dynamic anti-plane shearing

B.L. Wang*, J.C. Han, S.Y. Du

Center for Composite Materials, Harbin Institute of Technology, Harbin, 150001, People’s Republic of China
Received 15 January 1998; in revised form 15 May 1999

Abstract

This paper describes a method to analyze the dynamic response of a multilayered piezoelectric material plate
containing some non-collinear cracks. It is assumed that the multilayers is composed of numerous laminae with
cracks located at the interface of composite layers. Based upon Fourier transforms and Laplace transforms, the
boundary value problem is reduced to a system of generalized singularity integral equations in the Laplace
transform domain. By utilized numerical Laplace inversion, the time-dependent full field solutions are obtained in
the time domain. Numerical results are plotted to illustrate how the loading state and material non-homogeneity
influence the stress fields and the electric displacement fields ahead of the crack tip. © 2000 Elsevier Science Ltd.
All rights reserved.
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1. Introduction

The development of piezoelectric composite materials offers great potential for use in advanced
structural applications. By taking advantage of the direct and converse piezoelectric effects, piezoelectric
composite structures can combine the traditional performance advantages of composite laminates along
with the inherent capability of piezoelectric materials to adapt to their current environment. As
piezoelectric materials are extensively used as actuators, sensors, sonar projector and medical ultrasonic
imaging applications, demand for advanced piezoelectric materials with high strength, high toughness,
low thermal expansion coefficient, and low dielectric constant is increasing. In an effect to obtain a
piezoelectric material with these competing properties, considerable research has been directed toward
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Fig. 1. Geometry and coordinates of multilayer piezoelectric medium.

the development of functionally graded or multilayered structure. However, a potential problem of
multilayered materials is that delamination (i.e., cracks growth between the layers) can occur during
processing.

Efforts have been made to establish electro-mechanical modeling of cracks in piezoelectric materials.
Suo et al. studied cracks either in piezoelectrics, or on interfaces between piezoelectrics and other
materials such as metal electrodes or polymer materials (Suo et al., 1992). They obtained closed form
solutions for infinite piezoelectric medium containing a center crack. A new type of singularity is
discovered around interface crack tip. Four modes of square root singularities are identified at the tip of
a crack in a homogeneous piezoelectric. Shindo and his colleagues studied the static anti-plane fracture
of a cracked piezoelectric strip (Shindo et al., 1990, 1996a, 1997). The dynamic representation formulas
and fundamental solutions for piezoelectricity were proposed (Khutoryansky and Sosa, 1995). Shindo
and his colleagues studied the dynamic response of a cracked dielectric medium under the action of
harmonic waves in a uniform electric field (Shindo et al., 1996b). In the above-mentioned works, the
piezoelectric media are homogeneous. We have systematically studied the multiple crack problem in
non-homogeneous materials subjected to dynamic anti-plane mechanical loading (Wang et al., 1998a)
and dynamic in-plane mechanical loading (Wang et al., 1998b, 1999). In present work, we expand their
work to an electroelastic multiple crack problem for multilayered piezoelectric materials under
longitudinal shear. Laplace and Fourier transforms techniques are used to reduce the problem to the
solution of singular integral equations. Numerical calculations are carried out and the stress and electric
displacement intensity factors are shown graphically for some piezoelectric ceramics.

2. Solution of the problem

Fig. 1 illustrates the geometry of an N-layers multilayer of height 4 with properties that vary as a
function of coordinate y. (x, y, z) is the global coordinate system. y; is the local coordinate of the Jth
layer. Throughout the paper, the subscript J is associated with the Jth layer, counted up from the lower
surface. The subscript j stands for the interface number between the Jth layer and the (J + 1)th layer.
Material properties are taken to be constants for each layer. The main axis of elasticity is parallel to x-
and y-axis. For the Jth layer, the density is p,, thickness is /.

Under out-of-plane displacement w,(x, y,) and in-plane electric potential ¢,(x, y,) , the piezoelectric
boundary value problem has the form

(0x2),= (Ca4) 0wy /3x + (€15),0¢,/x (1)
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(Or2),= (Caa) 900053 + 1), 00,17, @
Dy = (e1s),0ws/dx — (c11),0¢,/dx ®)
Dy = (exs),0ws/0ys — (€11),0¢,/9y. @

The governing equations may be written in the form

3Zw; 33wy 82(/5] 82(;5] 32w,
Rl —p, 7 5
((744)J(ax2 + 52 + (e15), o2 + 9y Pr g (5)
82WJ 82”"] 32¢J 82¢J
_ i ) =0 6
(e15),<8x2 + 52 (€11); 9x2 + 07 (6)

Denote the interlaminar stress (t,.); as t;(x) and the interlaminar electric displacement (D,); as Dj(x).
Adjacent two layers are either perfectly bonded or are partly separated by a crack. The crack length is
2a;, the crack center is located in the position of x; = ¢;. In the problem considered, it will be assumed
that the initial displacement, electric potential and velocity are zeros, and the boundary conditions have
the following form:

() =1/(x)  Di(x)=Dy(x)  ¢—a<x<cta ™
for crack faces,

Tyz(x, y =0) =10(x)  Dy(x,y = 0) = Do(x) ®)
for lower surface of the piezoelectric medium and

Ty =h) =tn(x)  Dy(x,y =h) = Dn(x) ©)

for upper surface of the piezoelectric medium. B B
Referring to non-dimensional variable, x = x/h, y; = ys/h, hy = h;/h, a; = a;/h, ¢; = cj/h, (Ca4);=(Ca4

+ efs/e11), and the shear wave velocity (Cy), = J(Ca)s/p ;- Applying Laplace transform over the time

variable ¢ and Fourier transform to the space variable x, Egs. (5) and (6) may be solved to give the
displacement and electric potential in each layer of the material:

ho (T _ ~ o
wj()_c, )7‘,,1)) = 2—J (e—\SIZJ}JAIJ(S) + eI.YHJ}’JBU(S))e—lsx ds (10)
T J-co
(,ZSj(’_C, Vs P) = (els/ell)JWj()_Cs Vs P) + (PJ(?_Ca Vs P) (11)
h [t - - -
O35 5p) = 5n | (e )+ B ds (12)
—00

[F3RL)

Where the quantities with superscript * denote the Laplace transform, “p” is the Laplace transform
parameter, A,,;(s, p) and B,,,(s, p) are unknowns to be determined (m =1, 2) i = +/—1, and
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(13)

Substituting (10)—(12) into (2) and (4), we have the stress and the electric displacement (z}, Df) at (v, =

) and (c1_,, D}y at (7, = 0):

(X, p) - Aus(s, p)
X p) | _ > Biy(s, p)
DiEp) [~ 2m | st 2
D;_1(x, p) By (s, p)
where
—(Caa) jhge s (
[KJ(S)] — _(644)J/1J (C44)J;“J
0
0 0

Applying Fourier transforms to (14) yields 4,,, By, Az, B>y in terms of 77, Dj’.k,

e —ISX dS

C44)J)L‘/€|S|;'JIU _(615).]67‘31/”

—(e15),

(611)13_‘”/1_!
(€11),

(14)
(QIS)JQISV;J
(615)J (15)
—(en )J€|5|/;J
—(c11),

* * .
Ty, Di ;. The solution

for each layer can thus be determined in terms of ., DY, iy, Dy by substituting A,;, By, Ass, Bay
back into (10) and (12). Upon doing so, Egs. (10) and (12) become

)| =[50
wi(®y) | _ h (1 T JOO D,(7) ist = | —ist
] e N I IS N R Bt 1o
D, (¥)
in which
cosh(|s|4,3,) 0 ]
(Caa) s 2ssinh(|s2sh;)
<e£> cosh(|s|A,7) B cosh(|s|y,)
€11 J(C_'44) iJsinh(IsMJf;J) (€11) sinh(|s|/;J)
[Hi(s. p)] = ’ / (17)

_ cosh(|s|4,(5, — hy)) 0
(Caa) ,2ssinh(|s1 27k )

(e cosh(|s|2,(5, — hy))

i <611)J(C44)J;“J5inh(|s|;hjl’;])

The interface conditions imply that both displacements and electric potentials are continuous across the
bounded interface between two adjacent layers, i.e.

cosh(|s| (7, — hs))
(ell)Jsinh(|s|hJ)

(18)

W (%, 7,41 = 0)/05 = dwj(X, 7, = hy) /dx  out of crack

3051 (%, 71 = 0)/0% = g3 (%, 5, = hs) /0% out of crack (19)
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Applying Egs. (16)—(18) and (19) show that

;[Too _
iJ sgn(s)([L(s)]j [M(s)]j [N(S)]j)e—isx

—00

J+Do{r;‘_l(f) Dy (") T D) T, D, () }Te“f dids =0 (20)

—00

The matrices defined in these equations are

|1 es/en 0 0
00 | 0 1
J’_

L(s, p)] = _ _ 21
[Les p)]f sinh(|s|/11hj)(c44—i—elzs/en)J/lJ sinh(|s|hj)(611)J 2D
1 es/en 0 0
[M ) ] _ 0 0 ; 3 0 1
P tanh(|s|)LJ};J)(C44 + els/eir) A tfﬂlﬂh(|S|/;J)(Ell)J
[1 615/611] |:0 0:|
00 e (22)
tanh(ls|;\.‘]+]h‘]+])(644 + 6125/611)#'_]/1]4_1 tanh(|s|/’lj+l)(€ll)J+1
[NGs, p)]j: [L(s. p)]m (23)
Eq. (20) may be satisfied by defining new auxiliary functions ,(x) and ¥ ,,(X) such that
Sgl’l(S) EaK. ‘//u(i) isX 1=
i Jz/—af{ lP(,,;(fC) }e v
+oo . 7 (%) " 7 (%) N (%) % 45 24
- Lx, O o [ F M), pi) [T [N, @) .

Using the mechanical traction and electric charge conditions for upper surface and lower surface of the
medium, Eq. (24) can be written in matrix form

+00

[S(s, p)]J (2@} dx = B (a1 — fy(s) (25)

oo i

with {@(s)} and {Z(x)} two vectors of 2(N — 1) rows each
(#()) =

C1+ay o C+ay o CN—1+an—1 o CN—1+an—1 o T (26)
J lﬁmem dr J l//(plezsr di ... J l//w(j\/_l)e”r dr J lp(p(N—l)emr dr

c1—a c1—a CN-1—aN-1 CN-1—aN-1
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Z®)={1® D - v, Dy )] 27)

In Eq. (25), {®5(s)} is a vector of 2(N — 1) rows. Only the first two elements and the last two elements in
{®p(s)} are non-zero, they are related to the boundary condition by

oo T*(F) st 1=
{@s1(s)} = [L1(9)] Jioo { Dog(f) }e di (28)
+00 * (7 L
(w000} = o] | {50 Jerar 29)
and
M N _
L, M, N>
[S(s, )] = : (30)
Ly My, Ny
B Ly1 My_y |

Eq. (25) is the relationship between interfacial shearing stresses/electric displacements and interfacial
auxiliary functions, and there are 2(N — 1) equations in Eq. (25). For those interfaces with no crack, the
auxiliary function is zero, so the number of equations needed to be solved is twice the crack number.

Let the inverse of matrix [S(s)] be [T(s)]. Referring to variable T (s), which denote the mth row and
the nth column of matrix [7(s, p)]. Applying inverse Fourier transform to (25) yields

f = - ST Qk-1) (k)
A T B G IJM rw senge| O T L
DI | Dy | S Jaa | e TGy ) TEN )
NG
'//“"(_) dr 31)
lﬁdﬂc(r)
where
7;,(%) | JJroo Thi(s) T i) Tg]N D) Tglelf’(s)
(== sgn(s
DR | 27 ) 0 Thys) 0 a6
@,
b1(s) ¢ 5% dg (32)
Dpy_1)($)

In order to separate a singular part of the kernel in Eq. (31), the asymptotic behavior of the elements in
matrix [7(s)] for |s|— oo must be examined. One can see from Egs. (21)—(23) and (30) that as |s|— o0,
the only non-zero elements in [7(s)] are

(Cus) ,(Caa) 11

2/ 1 - (C 2 —
2/ 1(00) ( 44) / (C44)J+(C44)J+1

(33)
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(615)J(€11 C_'44)J+1-i-(€15)J+1 (611 C_'44)1

T3 \(00) = (815);/2 = - - (34)
v ! ((611)J+(€11)J+1)<(C44)J+(C44)J+1)
2 (PN (er),€11) 4y

T5(00) = —(€n);/2 = —(611)J+(611)J+1 (35)

By defining 7_4,;(s) T (s)— T (c0), one can express Eq. (31) as follows

» o o k—1) )
T EX_) N Tbi(x_) _ lNﬁl Jcﬁal‘ J+Oo T( | H () Tg( H) sin (i — X) ds
Dj (x) Dbj(x) T k=1 Y ck—ax 0 0 ng]‘))(s)

v @ 1 (Cas )j @), CAC S T RV (DN I

V@ | ¢ 2m [0 (@), [, 7= I

As the second row of Eq. (36) does not contain any mechanical stress term, and Tg‘; (s) is independent
on p, the mechanical boundary conditions have no influence on interfacial electric displacement.

Eq. (36) is singular integral equation having simple Cauchy-type kernels as the dominant singular
parts. Note that its fundamental function corresponds to the weight function of the Chebyshev
polynomial of the first kind T7,,(r;). The crack-tip stress and electric field can be characterized by
standard square-root singularity. According to the singular integral equation method, Eq. (36) has the
solutions of the following forms

l//nj(alrl + CI) lrbu/( / 1- V - ZC“/(p)T r] 1 - f/2 (37)

m=

l/jw(ajrj * Cj ‘”’ /\/i - Z n/(p)T r] 1= ’7_/’2 (38)

m=

Where ;= —¢;)/aj, 1//3,/(@) and l,bg,-(fj) are continuous and bounded function on the interval rje[—1, 1],
cum C %(p)) are unknowns to be determined. M is selected to be large enough for obtaining the
solutions to the defined problem with a required degree of accuracy.

Once the unknown auxiliary function ¢,,(r) and ¢,,(r) are solved from (36), the interlaminar stress
and electric displacement are determined. Substituting the results into (16), then (10)—(12), we can obtain
the anti-plane mechanical displacement, electric potential. Using Eqs. (1)—(4), we can eventually obtain
the stress and electrical displacement in each layer. The intensities of dynamic stress and electric

displacement around the crack tip can be calculated as

(K3)= ( 2[<c,-—aj>—x]) (%) = ((c44) 0= D+ @s)h (- ))fq,- (39)
X (¢—aj)”

(Kf))j: ( 2[(61_ ay) —x]) D*( )= ¢ 121) Vv '»Dw( (40)
X—(¢—aj)~

for left-hand side crack-tip, and
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Fig. 2. Steady state electric displacement intensity factor and energy release rate versus crack length for center cracked PZT-5H cer-
amic under electrical load.

(K3)= ( 2[x — (¢ + a_/)])H(c Ny )j}*(fc) = ((544),-%3,(1) + (6125)-’ ng(1)>¢a‘, 41)
(Kp)= ( 2[x — (¢ + aj)]> DiE) = —(E‘Z')-"\/a_jl/jg}j(l) 42)
. x—(¢ta)t

for right-hand side crack-tip.

After the solutions in Laplace transform plane are obtained, we must use inverse Laplace transform
to get the solutions in the time domain. Although there are a number of numerical methods, the one
used here is due to Durbin (1974). This method works with complex data, this has important
implications on the accuracy and efficiency of the method as can be seen from comparison studies given
by Narayanan and Beskos (1982).

Referring to (Ks) and (Kp); which denote the inverse Laplace transform of (K%) and (K7);, the
energy release rates may compute by virtual crack close technique. For example, the energy release rates
for right-hand side crack-tip is

S ko2 O ke (k) (k)2
0 3G S i, SNy 47 ) “
where
fss = (611)1/[(644)1(611)J+(€15)3] + (611)J+l/|:(c44)1+1(€11)J+1+(el5)3+l] (44)
fsp = @),/ (csn) @)@ + @)/ [ @)y @ | (45)

Jop = —(cas),/ [(644)1(611)#(@15)3] + (Caa) 11/ [(044)J+1(611 )J+1+(615)3+1] (46)
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Fig. 3. Variation of stress intensity factor with time for center cracked PZT-5H ceramic under transient mechanical load.

3. Applications

In this section, we investigate the responses of some cracked piezoelectric medium. The first problem
under consideration is a PZT-5H ceramic of height /4 with a center crack of length 2a = 4. The shear
module c44, the piczoelectric constant e;s and the dielectric constant ¢;; for PZT-5H ceramic are 3.53 x
10'° N/m?, 17 C/m? and 151 x 107'® C/Vm, respectively. The mass density is denoted by p. To show the
validity of the present method, the effect of crack length on steady electrical displacement intensity

fll_lg_i
C44 Dn‘\/z;
0.4

0.2
0.0

LALS BRI B I I e ¢

-0.2
0.4
0.6

"0.8 i bt A 2 2 2 ) 3 3 2 A 2.2 2 3 3 32
0 2 4 6 8 10

JCu/ptlh

Fig. 4. Variation of stress intensity factor with time for center cracked PZT-5H ceramic under electrical load.
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Table 1
The convergence of results with respect to M(a = h)

M =5 M = M =13 M =17 M=>21
KP/Dy/a 1.849 1.431 1.390 1.379 1.377
%g““‘x 0.588 0.403 0.364 0.362 0.361
"14 Doy/a

factors and energy release rate is plotted in Fig. 2. The results are same as that given by Shindo et al.
(Shindo et al., 1997).

Assume a sudden mechanical loading ty applied on crack faces. It is found that the electric
displacement intensity factor is zero at the crack tip. Fig. 3 shows the variation of stress intensity factor
K°® with time. The results are same as that for homogeneous material without piezoelectric effect. The
fact demonstrates that for homogeneous materials under mechanical loading, the piezoelectric effect has
no effects on stress intensity factor.

Assume a transient electric loading Dy applied on the crack faces. It is found that the dynamic stress
intensity factors are not zero and they are plotted in Fig. 4. When time ¢ approaches to infinite, the
steady stress intensity factors become zero. These results show that the stress and electric displacements
are coupled in the crack plane ahead of crack tip for transient electrical load.

In numerical procedure, we have truncated the infinite series in Eqs. (37) and (38) to M terms. To
validate the numerical procedure, we study the convergence of results with respect to M. Consider a
transient electric loading Dy applied on the crack faces. In this case, the electric displacement intensity
factor does not vary with time and the steady state stress intensity factor is zero. The electric
displacement intensity factor K and the peak stress intensity factor K3 are tabulated in Table 1. It is
clear that as M increases, the result converges to some steady values.

The approach outlined in the foregoing section is employed to investigate the response of a smart
multilayered piezoelectric composite plate with two cracks. The specimen geometry and cracks positions
are shown in Fig. 5. The interlayer material is graphite/epoxy composite of height //2. The outer layer
materials are PZT-G1195N piezoelectric ceramics of height #/4. The shear module, piezoelectric constant
and the dielectric constant for PZT-GI195N are (Ca), = 2.42 x 10'0 N/m?, (e15), = 6.5 C/m? and
(e11), = 153 x 10-19 C/Vm, respectively. For graphite/epoxy, there is no piezoelectric effect, the shear
module are (Cy)y = 0.71 x 10'° N/m?. The mass density for two materials are 7600 and 1600 kg/m°,
respectively.

As mentioned in the foregoing sections, the mechanical boundary conditions have no influence on
interfacial electric displacement. Assume a sudden uniform tq is applied on crack faces. The results show
that the electric displacement intensity factors are zero at any time ¢. Figs. 6 and 7 show the variation of

PZT-G1195N
S
h graphite/epoxy

e

PZT-G1195N

Fig. 5. Model of piezoelectric plate with attached graphite/epoxy patches.
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Fig. 6. Variation of stress intensity factor with time for multilayers piezoelectrics under transient mechanical load.

stress intensity factors (SIF) and energy release rate with time 7 (in which, C, and (Cy4), are respectively,
the shearing wave velocity and the shear module of PZT-G1195N material).

When the piezoelectrics is sudden loaded electrically, the electric displacement intensity factor does
not vary with time, while the stress intensity factors are not zero (even for steady state case when ¢
approaches infinite) as shown in Fig. 8. This means that the inertia effect has no influence on electric
displacement ahead of the crack tip under electrical loading, the stress and electric displacements are
coupled in the crack plane ahead of the crack tip for non-homogeneous piezoelectric medium.

G(Cu), /s a
7.0
6.0
5.0
4.0
3.0
2.0
1.0
0.0

C,t/h

Fig. 7. Variation of energy release rate with time for multilayers piezoelectrics under transient mechanical load.
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Fig. 8. Variation of stress intensity factor with time for multilayered piezoelectrics under electrical load.

4. Summary

Multilayered medium is very attractive to engineering application. This paper analyzed the
electrocmechanical response of finite cracks in multilayered piezoelectrics. The problem is to compute
the transient stress intensity factors and electric displacement intensity factors. Laplace and Hankel
transforms are used to reduce the mixed boundary value problems to a system of singular integral
equations, which are solved numerically. From the numerical example we found that the electric—
mechanical fields in the crack plane ahead of the crack tip have the following behaviors.

1. Under mechanical loading, the stress field and electric displacement field are un-coupled either for
homogeneous piezoelectric medium or for inhomogeneous piezoelectric medium.

2. Under electrical loading, the transient stress field and electric displacement field are coupled either for
homogeneous piezoelectric medium or for inhomogeneous piezoelectric medium.

3. Under electrical loading, the steady state stress field and electric displacement field are un-coupled for
homogeneous piezoelectric medium but coupled for inhomogeneous piezoelectric medium.

4. The inertia effect has no influence on electrical displacement intensity factor.
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